Math308, Quiz 8, 11/05/13

First Name: .ocovvviviiiiiiiiiiieiiinennnnen. Last IName: .ccovvvviviiiiiiiiiiiieennnenn.

Table 1: Elementary Laplace Transforms

fO)=L7F(s)] | F(s)=L[ft)] | f(t) =LTF(s)] | F(s) = L[f(t)]
1 % 5s>0 % # 5s>0
e aa s>« e W s> —a
sin(wt) 2z 5>0 cos(wt) iz $>0
e sin(wt) e S>>« e cos(wt) e >0
sinh(wt) 22 5> W cosh(wt) = 5> |w
U (%) c=  5>0 it — ) e §>—00

Theorem. Suppose that the functions f, f/, ..., f™®1 are continuous and that f™
is piecewise continuous on any interval 0 < ¢ < A. Suppose that there exist constants
K,a and M such that |f(t)| < Ke®, |f'(t)] < Ke®, ... |f® ()| < Ke® for t > M.
Then L[f™(t)] exists for s > a and given by

o LIFO0] = LIF0] - 77 10) = .. = 5£D(0) = fo-(0).
o if Fi(s) = L[f(t)] for s > a, then Llu.(t)f(t — ¢)] = e “L[f(t)] = e *F(s) for
s> a,c>0.

o if f(t) = L7YF(s)], then u.(t)f(t —c) = L7 e F(s)].



Show all work!

Problem 1. 100%. Find the solution of the given initial value problem

Y+ Ay = 5(t — Am) — 20(t — ), y(0) = =, y/(0) = 0.



Solutions

Problem 1. 100%. By taking the Laplace transform of the equation, using the above
table together with initial conditions we obtain

Ly + 4yl = L[6(t — 47) — 20(t — 7)],
s"Ly) — sy(0) — y'(0) +4L[y] = L[o(t — 4m)] — 2L[3(t — )],
1

(s* +4)LJy] — 35 = e 4TS — 2e7,

1 s e~4ms _ Qe
Lly = =
i 252 +4 + s2+4

The next step is taking the inverse of the Laplace transform from the last equality in
order to find y. Let us calculate the inverse of the Laplace transform of the right hand

side separately:

1 s 1 s 1
1 1
£ {2324—4} 2 [32—1—22] g o8

e 4ms — 27T 1 2 2
£—1 _ _£—1 —47s . L_l —7s —
[ s?2+4 } 2 [6 52 + 22 ¢ et

= %u47r(t) sin 2(t — 4m) — u,(t) sin2(t — m).

We now collect all terms and obtain the solution of the given initial value problem:

1 1
y(t) = 5 cos 2t + §u47r(t) sin2(t — 4m) — u,(t) sin 2(¢t — 7).

We can use the trigonometric identity sin(t — 2n7) = sint for n = 0,1,2,... to
simplify the solution:

1 1
y(t) = 5 Cos2t + (§U4w(t) - uw(t)) sin 2t.



